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Abstract: 


In this paper we study some results of the generalized sum of a fuzzy 
subgroup and a-cut subgroup ,we define a a-cut subset and a-cut 
subgroup, and then .We study some of their properties. 
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1-Introduction: 


In 1965 Zadeh [5] mathematically formulated the fuzzy subset concept. 
He defined fuzzy subset of a non-empty set as a collection of objects with 
grade of membership in a continuum, with each object being assigned a 
value between 0 and I by a membership function. Fuzzy set theory was 
guided by the assumption that classical sets were not natural, 
appropriate or useful notions in describing the real life problems, 
because every object encountered in this real physical world carries 
some degree of fuzziness. Further the concept of grade of membership is 
not a probabilistic concept. We introduce the concept of fuzzy set ,fuzzy 
subgroup and T-norme. 

In this work, we first generalize the results of the sum of two fuzzy subsets 
and fuzzy subgroup .We also a-cut subsets and a-cut subgroup , and then 
we study some of their properties. 


2-Preliminaries : 
We record here same basic concepts and clarify notions used in the 
sequel. 


Definition (2-1): [5,4,1] 
A fuzzy subset u of a group (G, +) is said to be a fuzzy sub group 
of G if for all x,y inG 
I-u (x+y) > min { u(x), u(y) } 
2-u (-X) = pt (Xx) 
Where the addition of x and y is denoted by x + y and the inverse of x by 


-x 
Definition(2 -2): [4,3] 
A triangular norm ( briefly a t-norm ) is a function 
T:[0,1]x[0,1] —[0,1] satisfying for each (a,b, r,s) e[0,1] 
1-T(a,1)=a 
2-T(a,b) < T(r,s) ifa<randb<s 
3-T(a,b) = T(b,a) 
4-T(a, T(a,r)) = T(T(a,b),r) 
Definition (2-3): [1] 
Let G be a groupoid and T a t-norm. 
A function B:— [0.1] is a subgroupoid of G iff for every x,y inG, 
B(x,y) = T(B(x),B(y)). 
If Gis a group, at- fuzzy subgroupoid B is at -fuzzy subgroup of G 
iff for eachx e G , B(-x)= B(x) 
Definition (2-4): [5,1] 
Let whe fuzzy subset of a set S and let a €[0,1].the set 
Ma={x € S 3 (x) = a} is called a-cut subset of Lu 


Definition (2-5):[2] 
For each i = 1,2,...,n, let wi be a fuzzy sets of set Xi, 21, A2,... née F 
then 


T-Al MI + A2 M2 + wo. + Anun CU 
2-for all x1,...... , Xn X, we have 
PAT AT ADAP 5 aces ,Anxn)> {min { wl(x1) , U2(x2), ...., Un(Xn) } 


Definition (2-6): [5] 
Let f:X—Y be a function for a fuzzy set u in Y,we define 


(f"(W)(x)= efx) for every x eX 
For a fuzzy set A in X, f(A) is defined by 


(A)y)= tra if f(2) = y.ze an 


0 otherwise 
where y €Y 
Definition (2-7): [2] 
Let [y, Ua,«+, Un be a fuzzy sets of set X ,define fi 
W)= My t Hg tet My, where b= Hy X Hy X ...X Hy, and 
F:X™" — X, where FC x4, Xo, -05 Xx = Hy t+ Xo +---+ XH 
A = Ky K NG XK aX Xy 


Definition (2-8):[2] 

Let fy, fa,--+1 Uy be a fuzzy sets of set Xz, Xz, .-, Xp respectively. 
Define f= fy % Hy X u.-X My, Dy U(x, X2,..., Xn) = min f p(x) , U2(X2) 
y seeey Un(Xn) } 


3- Generalized Sum of Fuzzy Subgroup 


Theorem(3-2) :-[2] 
LEE YET 5 JI? ys ccs , un be a fuzzy subsets of the sets Gi, G2, ....., Gn 


respectively. Then 
(ui + 2st pn )(Z) = 
SUD y., +25 feb ey =z {Mn { qa (x1) » He (x2) poummey [tr (71) } 


Proof :- 

Since f(u) = Wit U2 t ....ccceee + un ,using Definition(2-7)and 
Definition(2-6) 
(Mitpe + ...+ Hn )(Z) = SUP piyhag MIX) X= (Hy) Xgs002 My) E G 
f(x) =Z 


Since f(x) = f(x1 ,xX2,...., Xn) = X1+ X2 + ...+ In, using Definition(2-8) 
M(x) = u(xi, X2,..., Xn) = min { pi(x1) , W2(x2), «02.5 Un(Xn) } 


Then (uitpe2 + ...4+ Un )(Z) = 
SUP, 20 ee Xp =7{min { Li (x1) J [2 (x2) aaa Lin(Xn ) } 


Theorem(3-2) :- 
Let pi, U2,..., Un be a fuzzy subgroups of the groups Gi,Gz, ..., Gn 
respectively then (ui + U2 + ...+ Un) is fuzzy subgroup of Gi,G2,...,Gn 


Proof :- 

We must show that (ui + pe + ...+ Un) is fuzzy subgroup of 
Gi,G2,...,Gn for all elements (x1,X2,...,Xn),(Y1, Y2,...,Yn) € Gi,G2,...,Gn 
We get 
(i + 2 +... + pn) (X1,X2,...,Xn) + (VL, y2,...,ynJ= (Ui + U2 +...+ pn) 
(X1+V1,X2+2,...,Xn+yn) 

Let (xi+yi,x2+y2,...,.Xnt+yn) =Z 


- Sup min {Ui(xXi+yi), U2(X2+Y2),..., Un(xn+yn)} 
(Hq tVy kg tYg um tiy ty RZ 
> Sup min{min (pi(xX1) ,U2(X2),...,LUn(Xn)), min( 


(iy ti, Bg t Vg ti_ +¥y HZ 
Hi V1), M22) y+) Hal Yn) )f 
= min{ (pi + M2 + ...+ Un) (X1,X2,...,Xn), (Ur + U2 +... Un) (yr, y2,...,Yn)} 
Also 
(uitpe + ...+ Un )(Z) = Sup min { Ui(X1) , M2(X2), «2.5 Un(Xn) }} 


Ky thy tet iy He 
Since (ui + U2 +...+ Un) is fuzzy subgroups of Gi 
(uitpe t+ ...+ Un )(Z) = Sup min { pi(-x1) , M2(-xX2) ,..., Un(-Xn) } 


Ky thy te tx y HS 
= (ui + Wa +... + pn) (-X1,-X2,...,-Xn) 
=(ur t+ U2 +... + Un )(- (X1,X2,...,Xn)) 
Thus (ui + pe + ...+ Un) is fuzzy subgroups of Gi 


4- a-cut subgroup 
In this section, we introduce a definition of a-cut subgroup 


Definition(4-1) :- 
Let yu be a fuzzy subset of a set G ,T a t-norm and a €[0,1],then we define 
a—cut subset of a fuzzy subset u as 


He’ ={xeG: sup,..7( u(x), a) >a} 


Theorem(4-2) : 
Let G be a group and p at- fuzzy subgroup of (G,+) then a—cut subset 


a’ is fuzzy subgroup of (G,+) where e is the identity of G 
Proof: 
Let x,y © Ue’ ,then Sup , ,T(u(x), a= aand sup ,.c Tiu(y), 2a, 


since pw t-fuzzy subgroup of G 


then u(x+y) = T(u(x), u(y)) is satisfied .This means 


Sup ny eG T( L(x+y), a) 2 SUP y 5 36 T( T(u(x), L(y), a)) 
= Sup gag T(u(x), a) or sup F of T(u(y), a) 
> sup, I (u(x), W2aor SUP, .¢ T(u(y), a2 a 


hence x+y © |e? 
A gainx € le’ implies SUP . 2; (U(X), a) 2a 
since pu is a t-fuzzy subgroup p(-x)= u(x) and hence 
sup ..<l(u(-x), J= sup... T(u(x), a) 2a 
this means that —x © (e" 
Theorem (4-3): 
Let (G,+) be a group and pa fuzzy subgroup then the a-cut subset |ts" 
For a €[0,1] is a subgroup of G ,where e is identity of G 
Proof: 
Let x,y © lla’ ,then sup, ..T(u(x), aJ=aand sup, .T(u(y), a)= a 
since w is subgroup of G 
u(x+y) => min(u(x), u(y)) is satisfied ,this means 


SUP... el (u(xty), D2 sup, .</(min(u(x), u(y)) ,a),where there are two 
cases 


min(u(x), L(y))= u(x) or min(u(x), u(y) = u(y) since xy E be" 
Also in to case sup, ..1(min(u(x), u(y)), a)2 a 


therefore SUD,...cI(u(x+y), a)= a,thus we getxt+y © le” 


it is easily seen that ,as above -—x © |e" 
Hence Ua’ is a subgroup of G 


Theorem(4-4): 


Let u and v be a-cut subsets of the sets G,H respectively, and a e[0,1], 
then u+v is also a a-cut subset of G+H 


Proof: 
Since any t-norm T is associative ,using definition(4-1)and definition(2-2) 
we can write ,the following statements. 
SUP... ext ((u+v)(xt+y), a)= SUP... cx] (sup min( L(x), V(y)), a) 
= Sup, eG T (u(x), Sup, ef min( V(y), a)) 


> SUP, . T(u(x), a) 
=a 


Definition(4-5) :- [1 


Let (G,+) be a group and p a t-fuzzy subgroup of G.The subgroups |e" , 
aé[0,1] and sup T(u(e), a) =a are called a-cut subgroup of 


Theorem(4-6): 
Let (G,+),(H,+)be two groups u,v a t-fuzzy subgroup of G and H, 


respectively ,then the a-cut subset (11 + V)«’ for a ¢[0,1],is subgroup of 
G+H where e and e are identities of G+H, respectively. 
Proof: 

(utv)e" =((4y)EG+H: supseT ((u+v)(x+y),@) = a} 


let (x1.%2).(V1,¥2) € (u+V)a" ,then 
sup T((ut+v)(xi+y1), a) = a@ 
sup T((ut+v)(xit+yi), a) = a.since(utv) is a t-fuzzy group of G+H, 
We get 
sup T((u+v)((xi+x2)+(yity2 ),a) = sup T(sup T(u(xi+x2),v(yity2 )),a) 
= sup T(u(xi+x2), sup T(v(yit+yz ))) 
> sup T(u(xi+x2), a) >a 


Hence (x1+x2)(yi+y2) € (t+ v)e 


A gain (xy) € (ut va” implies 
sup T((u+v) -(x+y), a) =sup T((ut+v)((-x)+(-y)), @) 
= sup T(sup T(u(-x), (v(-y)),) 
= sup T(u(-x), sup T(v(-y)),a)) 
= sup T(u(-x)),a) = 0 
This means that (-x.-y) €(u+v)« therefore (u+V)« isa 
subgroup of G+H 


Theorem(4-7): 
Let Ul, [2,...... , un be a fuzzy subgroup of the groups G1, G2, 


er , Gn_ respectively, and let a €[0,1],then 
(ia + fe + oseesee tino = pe” + pe? + eeseee tpn? 


Proof: 
Let (X1,X2,...,X)be an element of (ua + Ye 4 wees. pln eo 
Then using definition (4-1)and definition (2-4) we can write 
supT (ua + pe toes ple) (01, X20, Xn), @) = 
SupT (min (p(x), w2(x2), ...., beCxe) ), @) 
by theorem(3-1) 
For all i=1,....n min (u(x), wat x2), os, u(x) ) = g(x.) 
This given us 
SupT (min (s(x), wa(x2), ..., bo(Xn) ), a) = SupT (u, (x), a) = a. Thus 
we have x; © |’ . That is (x1, X2 ..., Xe) © ple” + foe? te Une” 
Similarly , let (x1, X2..,X<)be anelement of Mac? + bea? +--+ [ne™ 


Then for all i=1,2,...,.n , %; © \ua’.that is SupT(u,;(x;),@) = @. 

Since min (u:(x:), pC), ..., e(xe)) = uy (x,) and SupT(u,(x;),a) = a 
we get 

supT ( (us + pie +... + pn ) (1, %, -.., Xn), a) = 

SupT (min (uu: (x1), w2(x2),-.-., r(x) ), 2) = SupT(u,(x,),@) = a@ 
Thus (Xt, %2, 0, X2) & (pa + fe + aeeestpnje- 
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